Talk is based on results obtained together
with M. Movshev.

Main goal - analysis of maximally super-
symmetric gauge (SUSY YM) theories

Main tools - noncommutative geometry,
supergeometry, noncommutative superge-
ometry, Lo, Axo-algebras

A. Connes (NC geometry), F. Berezin (su-
pergeometry), J. Stasheff (A--algebras)

We give a formulation of SUSY YM the-
ories and other YM theories in algebraic
terms.

We use it, in particular, to study super-
symmetric deformations of these theories.



space <= algebra of functions

compact topological space <= continuous
functions (Gelfand-Naimark)

smooth manifold <= smooth functions

formal n-dimensional manifold <= formal
power series C[[z1,...,2"]]

formal (n, m)-dimensional supermanifold <=
Cll?, ...,a"]] @ AL, ..., €™)

NC space <= associative algebra

NC superspace <= Zo-graded assosiative
algebra

supermanifold= supercommutative associa-
tive algebra



vector field on NC space <= derivation of
algebra

odd vector field on NC superspace <= odd
derivation of Z,-graded algebra

@-manifold<<== a supermanifold equipped
with odd vector field Q obeying {Q,Q}=0

NC @Q-space <= differential Z>-graded al-
gebra <= Z»-graded algebra equipped with
an odd derivation d obeying d? =0

Quasiisomorphism of NC (-spaces <= ho-
momorphism of differential Z,-graded al-
gebras that generates an isomorphism on
homology



L~ algebra<== formal Q-manifold <= a
differential on the algebra C[[z!,...,z2"]] ®

ACEL, ... &™)
differential Lie algebra = L, algebra

zero locus of vector field Q<«=-solutions
to Maurer-Cartan equations for L., alge-
bra (=usual MC equations in the case of
differential Lie algebra)

A~ algebra<== formal noncommutative Q-
manifold <= a differential on completion
C<<zl, ...zl .. ™ >>of free non-unital
algebra C < z1, ...z ¢l ... ¢™ > generated
by Z»>-graded vector space with even coor-
dinates z!, ..., 2" and odd coordinates ¢1, ... ¢m

differential associative algebra = A alge-
bra

A~ algebraA =L, algebra L(A)



We consider an associative algebra A equipped
with an action of Lie algebra L.

One can define a connection (gauge field)
on E with respect to L as a set of linear
operators Dy : E — FE depending linearly
on X € L and satisfying an analog of the
Leibniz rule

Dx(a-e) =0x(a)-e+a-Dxe (1)
for any a € A and any e € E.

A curvature of connection Dy is a two-
form on L:

Fxy = [Dx,Dy] — Dix.y]- (2)

Fxy takes values in the algebra End 4E of
endomorphisms of the A-module E.



If the module F is projective a trace on the
algebra A induces a trace on End4F and we
can construct Yang-Miills action functional
by choosing some invariant metric on L

1
Sy m(Dm) = _ZTr Frn F" (3)

where F,,, are curvature components in
some basis in L.

One can consider gauge fields interacting
with other fields (with matter)

Maximally supersymmetric Yang-Mills the-

ory can be constructed in the case when
the Lie algebra L acting on A is ten-dimensional
commutative Lie algebra.



Let £ denote a projective module over A

To supersymmetrize the action functional

(??) we introduce fermionic fields y® that

take values in End 4 £ and carry a ten-dimensional
spinor index o = 1,...,16, 1.e.x € EndgE X

S.

We denote by S the space of irreducible
spinor representation of SO(10),N stands
for parity reversion, ' are Dirac matrices,

T hen maximally supersymmetric Yang-Mills
action functional can be written as

1
Ssy v (Dm, Xa) = —ZT" FonF™" 4

1
ET" X" %[Dm,xﬁ]- (4)



The action functional (?77) is invariant un-
der the supersymmetry transformations

6c(Dm) = Ga(rm)aﬁxﬁa
1
6e(X™) = E(O'mn)aﬁeﬂan (5)

as well as under a trivial supersymmetry
transformations

0e(Dm) =0, de(x) = €. (6)

Here % is a constant spinor, i.e. a spinor
proportional to the unit endomorphism.

The action (?7) is also invariant under gauge
transformations parametrized by an endo-
morphism o¢:

Ve(Dm) = [Dm, 9] , Vo(x™) =[x, 9].



The most important cases:
10D SUSY YM theory
A —algebra of functions on R1°

Its reductions to four, one and zero dimen-
sions:

N=4 four-dimensional SUSY YM theory
A —algebra of functions on R*
BFSS model

A —algebra of functions on R! ;gauge fields
are matrix-valued functions on a line



IKKT model
A = C; gauge fields are matrices
SUSY YM theory on NC torus

A= algebra of functions on torus with star-
product= C*algebra with unitary genera-
tors U, and relations U,U; = €U, U,
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Applications of NC geometry to string/M-
theory

SUSY YM theory on NC torus can be ob-
tained from BFSS or IKKT model by means

of compactification (Connes- Douglas -Schw)

Morita equivalence of NC tori = T-duality
(Rieffel-Schw,Schw )

Noncommutative instantons (Nekrasov-Schw)

BPS states in NC SUSY YM (Konechny-
Schw)

Background independence (Pioline-Schw,
Seiberg-Witten)
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Algebraic formulation of SUSY YM and
more general YM theories in BV formalism
INn terms of differential associative algebras
and A-algebras

Classical system in Batalin-Vilkovisky (BV)
formalism <= solution to classical master
eqution {S,S}=0 on odd symplectic mani-
fold <= odd symplectic Q-manifold = L
algebra with odd inner product

Asc-algebra A = Ax-algebra A® Mat, = Lo
algebra L(A ® Maty)

A~so-algebra A with inner product = L al-
gebra L(A ® Mat,) with inner product =
action functional in BV-formalism

Gauge theories can be obtained this way
from appropriate A-algebras
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SUSY YM theory can be obtained from

differential associative algebra with inner

product = BV-action functional can be writ-
ten in Chern-Simons form

IKKT theory in BV formalism
pure spinor u<= ul My =20

space of pure spinors OGr(10,5) = total
space of line bundle over SO(10)/U(5)

Berkovits algebra B= algebra of polyno-

mial functions p(u,0) with differential d =

d
L)

Here « 1S a pure spinor and 0 € 1S 1S an
odd spinor
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Koszul dual to quadratic algebra B is quasi-
iIsomorphic to algebra SYM

Definition of algebra SYM

SY M =

=C< A1,...,A10,x%, ..., x*® > /I(Y My, Diracs)
1
Y My, = [Aza [AzaAk]] — _I— 5{X XB} (7)

Diracy = —I" B[A“ B] (8)

Representations of SYM «—= solutions to
SUSY YM equations of motion
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Infinitesimal deformations of A, algebraA <=
Hochschild cohomology HH(A, A)

Infinitesimal deformations of A algebra
with invariant inner product <= cyclic co-
homology (Penkava-Schw)

Equivariant generalizations of these state-
ments are used to analyze SUSY deforma-
tions of SUSY YM
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